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It is shown that there is a unique BRS-invariant action for non-Abelian gauge theories
which includes a mass term for the gauge bosons. While the BRS operator is not nilpo-
tent, the Zinn-Justin equation generalizes in a simple way so that the renormalization of
the theory is consistent with the infrared regularization provided by the mass|infrared
singularities and ultraviolet innities are therefore clearly separated. Additional symme-
tries allow a simple characterization of physical operators. This action can therefore be




The infrared behaviour of non-Abelian gauge theories, in the absence of masses gen-
erated by spontaneous symmetry breaking in matter sectors, has been a puzzle for more
than two decades. It is believed that gluons are `conned', i.e. coloured particles do not
appear in the observable spectrum of particles, but there is nothing resembling a proof that
connement occurs in continuum non-Abelian gauge theories. The phenomenon of conne-
ment is believed to be linked to the growth of the coupling parameter as the normalization
point is taken to longer length scales, an intuition derived from weak-coupling perturbation
theory. The severe on-shell divergences of amplitudes with external gluons are also viewed
as hints of connement, but again, this has not been translated into a rational argument
for connement. A simple regularization of the infrared divergences, independent of the
ultraviolet problems, would illuminate the physics of such on-shell divergences.
In the present paper, I address the problem of quantitatively regularizing the infrared
divergences of gauge theories in a manner compatible with the renormalization of ultra-
violet divergences. I show that mass terms for gluons can be incorporated into a unique
BRS-invariant[5] action, in such a way that the only aspect of the regularization and
renormalization of the theory that is changed is the addition of an inhomogeneous term
in the Zinn-Justin[7] equation. The fact that the Slavnov-Taylor[4] identities are simple
in a particular gauge for a particular form of symmetry breaking (the mass term) will not
come as a surprise. Using the massive Zinn-Justin equation, I show that the theory can
be multiplicatively renormalized. (For a clear explanation of the eects of mass terms in
the quantization of non-Abelian gauge bosons, see Ref.1.)
The organization of this paper is as follows: I rst exhibit an action and a set of BRS
variations with the advertized properties. I then point out several interesting features
of this action. I derive the appropriate form of the Zinn-Justin equation for this action.
Finally, I solve the Zinn-Justin equation to determine the form of the divergent part of the
eective action, thus determining relations between the renormalization constants.
It is a textbook[2] fact that mass terms for photons are compatible with BRS invariance





c; sc = 0; sb = F ;
where c is the anticommuting ghost eld, b is the anticommuting antighost eld, and F is
















Thus, in Lorentz gauge a mass term for the photon is compatible with BRS invariance,










since S now contains a mass term.
What is the analogue of this gauge choice for non-Abelian gauge theories? The BRS









; c]; sc =  c
2
; sb = F ;























Therefore, a mass for a gauge boson would be compatible with BRS invariance in the
gauge specied by F = @ A 
1
2
fb; cg: This is a specic case of the general nonlinear gauge
choices studied by Zinn-Justin[6].
Given a nonlinear gauge of this form, i.e. for a choice of the BRS transformation of
the antighost, b; which involves b; it is not a priori obvious that there is a BRS invariant






















































cg is the current associated
with global rotations of the ghost-antighost elds, and S
ym
is the classical Yang-Mills







Some features of S
gf





1. There is a U(1) symmetry, that leaves A invariant, with
b = c; c =  b:
The =2 rotation is the obvious discrete symmetry b ! c; c !  b: Due to this sym-





b; sb = b
2




s and s do not anticommute.
2. Dene observables to be those operators of vanishing ghost number which are invari-
ant under this U(1) symmetry, and are annihilated by s: Such observables are also














































4. By introducing a Lagrange multiplier, and a modied BRS operator s^ dened by














































: Even with the Lagrange multiplier
the action has an additional fermionic symmetry, derived from s: This is also true if
one adds an additional auxiliary eld to eliminate quartic ghost-antighost interactions,
following Zinn-Justin[6].
























Thus the expected  independence is recovered when m
2
= 0:
I now derive the Zinn-Justin(ZJ) equation for this action. Recall that this is the
simplest formulation of the regularization and renormalization of non-Abelian gauge the-
ories[8]. It is convenient to rescale elds to absorb powers of g and ; so we redene





















The ZJ equation is a quadratic equation satised by the generating functional of proper
vertices. It encapsulates in an elegant manner the content of the Slavnov-Taylor identities.
To derive the ZJ equation, I introduce sources for the elds, A; b; c; and for their BRS





















































































I use dimensional regularization to dene the functional integral
exp(W ) 
Z
DADbDc exp ( S + S
J
) :






























































It is straightforward to verify that the action S obeys this equation independent of the func-
tional integral. Before proceeding with the argument for renormalizability, it is convenient
to dene
~















From the regularized functional integral form, and using the denition of the gener-












































c: I now go through the standard
induction argument[8] for the renormalization of this massive version of non-Abelian gauge
theory. As the starting point of the induction,  
0
and S satisfy the massive Zinn-Justin
equation, and  
0
= S is nite. So supposing that
~
  has been rendered nite to `  1 loop















This equation is solved by writing down all possible terms restricted by dimensional analy-
sis, global symmetry, and ghost number conservation. The counterterms required to render
~









































c in order for the induction to proceed. By solving







































































































































Note that the nonlinear gauge has resulted in strong relations between renormalization
constants. There are just three independent renormalization constants. The proof is




nite, with counterterms that preserve the induction
hypothesis.
In conclusion, I have shown that there is a unique action with BRS invariance and
a mass term for gluons. This action has additional symmetries that may be used to
characterize physical observables, which are found to be functions of the gauge potential
alone. I have shown that the theory can be renormalized in the usual manner, thus showing
that this mass term for gluons is a simple and consistent infrared regulator.  independence
is restored in the limit m
2
# 0: Unitarity is a delicate question in the massless theory; for
more on unitarity, see Ref. 9.
The physical application is to the analysis of infrared divergences in non-Abelian gauge
theories with the use of this action, for example to consider infrared renormalons and the
measure for instantons with this gluon mass. Another application to particle physics may
be found in Ref. 9.
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